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A FAMILY OF CUBIC DIOPHANTINE EQUATIONS AND 4-CHAINS
KAREN GE
Abstract. In a simple integer chain, if ui−1, ui, and ui+1 are three consecutive terms of the
chain, and the pair (ui−1, ui) has a certain property, then the next pair (ui, ui+1) also has the same
property. We extend the idea of a simple chain to an n-chain in which n is a positive integer and if
a pair (ui−1, ui) has a certain property, then the nth next pair (u±n+i−1, u±n+i) also has the same
property. In this case, we call (ui−1, ui, ui+1) and (u±n+i−1, u±n+i, u±n+i+1) matching triples. We
use 4-chains to study a family of cubic Diophantine equations including x3 + y3 + x+ y + 1 = xyz
and three others. We show that a pair of integers (x, y) satisfies one of those four equations if and
only if x and y are consecutive terms of a 4-chain. Our main result is that if triple (u, t, vw) is an
ordered list of three consecutive terms of one 4-chain, where |t| is a prime, t ∤ (u − v), and triple
(v, t, uw) is that of a second 4-chain and it matches the first triple, then triple (−w, t,−uv) is that
of a third 4-chain and it matches the other two triples.
1. Introduction
Many Diophantine equations have been solved in the past 350 years. A comprehensive, though
not up-to-date, list of interesting results can be found in Mordell’s classical book [4]. However,
finding general methods of solving nonlinear Diophantine equations is still as challenging as ever.
In [2], Mills uses integer chains to study the pair of simultaneous quadratic Diophantine relations
x | y2+1 and y |x2+1. By a chain we mean a sequence of integers (un)n∈Z such that if ui−1, ui, and
ui+1 are three consecutive terms of the chain, and the pair (ui−1, ui) has a certain property, then
the next pair (ui, ui+1) also has the same property. Here we call such a sequence a 1-chain since
shifting the indices by 1 gives another pair of integers that satisfy the same property. Mohanty [3]
studies the pair of simultaneous cubic Diophantine relations x | y3 +1 and y |x3 +1 similarly using
1-chains. Mills [2] shows that positive integers x and y satisfy
x | y2 + 1 and y |x2 + 1
if and only if x and y are consecutive terms of the sequence 1, 1, 2, 5, 13, 34, . . ., obtained from
Fibonacci sequence by striking out alternate terms. In [3], Mohanty shows that positive integers x
and y satisfy
x | y3 + 1 and y |x3 + 1
if and only if x and y are consecutive terms of an infinite 1-chain. Dofs [1] uses a 1±chain to
represent a 1-chain that has both positive and negative terms and extends Mohanty [3]’s results to
integers.
We generalize the idea of a simple integer chain and introduce n-chains, in which n is a pos-
itive integer and if a pair (ui−1, ui) has a certain property, then the pairs (un+i−1, un+i) and
(u−n+i−1, u−n+i) also have the same property. In this case, (ui−1, ui, ui+1), (un+i−1, un+i, un+i+1),
and (u−n+i−1, u−n+i, u−n+i+1) are called matching triples. We use 4-chains to study cubic Dio-
phantine relations of the type y |x3 + x + 1 and y |x3 + x2 + 1. We are interested in x3 + x + 1
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and x3 + x2 + 1 because unlike x3 + 1, they are irreducible polynomials. The solutions to those
Diophantine relations and the relationships among their various solutions are more elusive.
We first introduce four cubic Diophantine equations and show that each equation is equivalent
to a system of simultaneous cubic Diophantine relations. We define 4-chains and matching triples
formally and show that integers x and y satisfy one of those relations if and only if they are
consecutive terms of an infinite 4-chain. Then we consider 4-chains that share common elements
and show that there exist two non-identical 4-chains that have the same non-trivial least element.
Finally, we show that if u, t, vw are three consecutive terms of one 4-chain, v, t, uw are three
consecutive terms of a second 4-chain, where (u, t, vw) and (v, t, uw) are matching triples, |t| is a
prime, and t ∤ (u−v), then −w, t, −uv are three consecutive terms of a third 4-chain. Furthermore,
(u, t, vw), (v, t, uw), and (−w, t,−uv) are matching triples.
2. Four Systems of Simultaneous Cubic Diophantine Relations
Now we introduce the four pairs of simultaneous cubic Diophantine relations that we will study
in this paper and prove that each pair is equivalent to a cubic Diophantine equation.
Theorem 1. The cubic Diophantine equation x3 + y3 + x+ y+1 = xyz has a solution if and only
if (x, y) satisfies the system S1,1: {
x | y3 + y + 1,
y |x3 + x+ 1.
(S1,1)
Proof. If (x, y, z) is a solution to x3+y3+x+y+1 = xyz, then clearly x | y3+y+1 and y |x3+x+1.
On the other hand, if x | y3 + y + 1 and y |x3 + x + 1, then x3 + y3 + x + y + 1 is divisible by x,
divisible by y, and gcd(|x|, |y|) = 1. So x3 + y3 + x + y + 1 is divisible by xy. Thus there is an
integer z such that x3 + y3 + x+ y + 1 = xyz. 
Similarly, we can show the following.
(1) The cubic Diophantine equation x3 + y3 + x + y2 + 1 = xyz has a solution if and only if
(x, y) satisfies the system S2,1: {
x | y3 + y2 + 1,
y |x3 + x+ 1.
(S2,1)
(2) The cubic Diophantine equation x3 + y3 + x2 + y2 + 1 = xyz has a solution if and only if
(x, y) satisfies the system S2,2: {
x | y3 + y2 + 1,
y |x3 + x2 + 1.
(S2,2)
(3) The cubic Diophantine equation x3 + y3 + x2 + y + 1 = xyz has a solution if and only if
(x, y) satisfies the system S1,2: {
x | y3 + y + 1,
y |x3 + x2 + 1.
(S1,2)
Clearly, if (x, y) is a solution to S2,1, then (y, x) is a solution to S1,2. We give them different
names because order matters in the formation of 4-chains we will study. Note that if (x, y) is a
solution to any of those four systems of simultaneous Diophantine relations, then gcd(|x|, |y|) = 1.
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Also note that since neither x3 + x+ 1 = 0 nor x3 + x2 + 1 = 0 has integer solutions, 0 is never a
part of a solution to any of those four systems.
Next we show that the solutions of those four systems of cubic Diophantine relations are related.
Theorem 2. Let integer pair (x0, y0) be a solution to S1,1. Let y−1 and x1 be real numbers satisfying
y−1y0 = x
3
0 + x0 + 1, and x0x1 = y
3
0 + y0 + 1,
respectively. Then (y−1, x0) is a solution to S1,2 and (y0, x1) is a solution to S2,1.
Proof. Since (x0, y0) is a solution to S1,1, we have gcd(|x0|, |y0|) = 1 and{
x0 | y
3
0 + y0 + 1,
y0 |x
3
0 + x0 + 1.
By the definition of x1, we see that x1 is an integer and x1 | y
3
0 + y0 + 1. Furthermore, x0x1 ≡ 1
(mod y0). Thus,
x30(x
3
1 + x
2
1 + 1) ≡ 1 + x0 + x
3
0 ≡ 0 (mod y0).
Since gcd(|x0|, |y0|) = 1, we have y0 |x
3
1 + x
2
1 + 1. Thus, (y0, x1) is a solution to S2,1.
Similarly, by the definition of y−1, we see that y−1 is an integer and y−1 |x
3
0 + x0 + 1. Since
y−1y0 ≡ 1 (mod x0), we have
y30(y
3
−1 + y
2
−1 + 1) ≡ 1 + y0 + y
3
0 ≡ 0 (mod x0).
Since gcd(|x0|, |y0|) = 1, we have x0 | y
3
−1 + y
2
−1 + 1. Thus (y−1, x0) is a solution to S1,2. 
The following three corollaries can all be proved using parallel arguments.
Corollary 3. Let integer pair (x0, y0) be a solution to S2,1. Let y−1 and x1 be real numbers
satisfying
y−1y0 = x
3
0 + x0 + 1, and x0x1 = y
3
0 + y
2
0 + 1,
respectively. Then (y−1, x0) is a solution to S1,1 and (y0, x1) is a solution to S2,2.
Corollary 4. Let integer pair (x0, y0) be a solution to S2,2. Let y−1 and x1 be real numbers
satisfying
y−1y0 = x
3
0 + x
2
0 + 1, and x0x1 = y
3
0 + y
2
0 + 1,
respectively. Then (y−1, x0) is a solution to S2,1 and (y0, x1) is a solution to S1,2.
Corollary 5. Let integer pair (x0, y0) be a solution to S1,2. Let y−1 and x1 be real numbers
satisfying
y−1y0 = x
3
0 + x
2
0 + 1, and x0x1 = y
3
0 + y0 + 1,
respectively. Then (y−1, x0) is a solution to S2,2 and (y0, x1) is a solution to S1,1.
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3. 4-chains
We are now ready to define 4-chains formally.
Definition 6. An infinite sequence (un)n∈Z is called a 4-chain if and only if
un−1un+1 = u
3
n + u
f(n)
n + 1,
where
f(n) =
{
1, if n ≡ 0, 3 (mod 4);
2, if n ≡ 1, 2 (mod 4).
Two 4-chains (un)n∈Z, (vn)n∈Z are considered the same if and only if there exists a k such that
either un = vk+n for all n or un = vk−n for all n.
As an example, let’s use the pair (x0, y0) = (−1,−1), a solution to S2,2, to build a 4-chain. Using
the notation of Corollary 4, we have
y−1 =
x30 + x
2
0 + 1
y0
= −1, and x1 =
y30 + y
2
0 + 1
x0
= −1.
Thus, we get
y−1 x0 y0 x1
−1 −1 −1 −1
Here (y−1, x0), (x0, y0), and (y0, x1) are solutions to S2,1, S2,2, and S1,2, respectively.
Next, we apply Corollary 3 to (y−1, x0), and Corollary 5 to (y0, x1) to find
x−1 =
y3
−1 + y−1 + 1
x0
= 1, and y1 =
x31 + x1 + 1
y0
= 1.
Now we have
x−1 y−1 x0 y0 x1 y1
1 −1 −1 −1 −1 1
Repeating the process, we get an infinite chain
· · · y−3 x−2 y−2 x−1 y−1 x0 y0 x1 y1 x2 y2 x3 · · ·
· · · 1541 −17 −3 1 −1 −1 −1 −1 1 −3 −17 1541 · · ·
In the list above, all pairs (x2i, y2i) are solutions to S2,2, all pairs (y2i, x2i+1) are solutions to
S1,2, and so on. Thus the sequence above is a 4-chain. Therefore, each of the four systems of
simultaneous cubic Diophantine relations has infinitely many integer solutions.
As another example, if we use the pair (x0, y0) = (−1,−1), a solution to S1,1, to build a 4-chain,
we get
· · · x−2 y−2 x−1 y−1 x0 y0 x1 y1 x2 y2 · · ·
· · · 1643 −17 −3 1 −1 −1 1 −3 −17 1643 · · ·
In this 4-chain, all pairs (x2i, y2i) are solutions to S1,1, all pairs (y2i, x2i+1) are solutions to S2,1,
and so on.
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We see that two integers x and y satisfy one of the four systems (S1,1, S2,1, S2,2, or S1,2) of
cubic Diophantine relations if and only if they are consecutive terms of a 4-chain. Moreover,
any two consecutive terms of a 4-chain together with the system they satisfy determine the 4-
chain completely. Therefore, the problem of finding the solutions of those four systems of cubic
Diophantine relations is the same as the problem of determining all 4-chains.
Notation 7. We use 〈ui, ui+1〉Sλa,λb to represent the 4-chain generated by the pair (ui, ui+1) sat-
isfying the system Sλa,λb , where λa and λb are constants taking values in {1, 2}.
An argument similar to that in the proof of Theorem 2 gives us the following.
Corollary 8. Let u, v, w, in that order, be three consecutive terms of a 4-chain. Then the pair
(u, v) satisfies the system Sλa,λb if and only if the pair (v,w) satisfies the system S3−λb,λa . In other
words,
〈u, v〉Sλa,λb = 〈v,w〉S3−λb,λa .
When we examine consecutive pairs of an infinite 4-chain pair by pair, we see that the systems
of cubic Diophantine relations they satisfy are the following:
· · · ↔ Sλa,λb ↔ S3−λb,λa ↔ S3−λa,3−λb ↔ Sλb,3−λa ↔ Sλa,λb ↔ · · ·
Indeed, any 4-chain is a reversible 4-chain.
Our last definition is that of matching triples.
Definition 9. If u, v, w, in that order, are three consecutive terms of 〈u, v〉Sλa,λb , and x, y, z, in
that order, are three consecutive terms of 〈x, y〉Sλa,λb , which is not necessarily the same chain as
〈u, v〉Sλa,λb , then we call (u, v, w) and (x, y, z) matching triples.
4. Basic Properties of 4-chains
It’s easy to check that the only 4-chain that has three or more consecutive terms that are the
same is
. . . , 1541, −17, −3, 1, −1, −1, −1, −1, 1, −3, −17, 1541, . . .
When we re-write a portion of the 4-chain above modulo 3, we get
1 2 2 2 2 1
Simple modular arithmetic calculation tells us that this is the longest sub-chain that does not
contain zero (mod 3) that any 4-chain could possibly have. Also we notice that for any integer x,
x3 and x2 + 1 have opposite parities and x3 and x+ 1 have opposite parities. Thus x3 + x+ 1 and
x3+x2+1 are never even for any integer x. Similarly, we can check and see that for any integer x,
x3+x+1 and x3+x2+1 are never zero modulo 5 or modulo 7. Thus we have proved the following.
Theorem 10. In any 4-chain, there are infinitely many terms that are divisible by 3; there are no
terms that are divisible by 2, or by 5, or by 7.
Using basic algebra, we can prove the following properties of 4-chains.
In a 4-chain (ui), if there exist exactly two consecutive terms that are the same, i.e., if x 6= y,
and x, x, y are three consecutive terms of (ui), then we get
xy = x3 + x+ 1, or xy = x3 + x2 + 1.
5
The solutions to xy = x3 + x+ 1, x 6= y are (x, y) = (1, 3) and (x, y) = (−1, 1). The solution to
xy = x3 + x2 + 1, x 6= y is (x, y) = (1, 3).
When (x, y) = (1, 3), we get three 4-chains with exactly two consecutive terms that are the same.
(1) . . . , 10251, 31, 3, 1, 1, 3, 37, 16897, . . .
(2) . . . , 9941, 31, 3, 1, 1, 3, 31, 9941, . . .
(3) . . . , 17341, 37, 3, 1, 1, 3, 37, 17341, . . .
When (x, y) = (−1, 1), we get another 4-chain with exactly two consecutive terms that are the
same.
(4) . . . , 1643,−17,−3, 1,−1,−1, 1,−3,−17, 1643, . . .
If in a 4-chain (ui), there is an n such that un−1 = un+1, un−1 6= un, i.e., if x 6= y, and y, x, y
are three consecutive terms of (ui), then we have
y2 = x3 + x+ 1, or y2 = x3 + x2 + 1.
Those are the equations of elliptic curves. The solutions to y2 = x3 + x + 1 are (x, y) = (0, 1)
and (x, y) = (72, 611). Neither solution generates a 4-chain. The solutions to y2 = x3 + x2 + 1
are (x, y) = (−1, 1), (x, y) = (0, 1), and (x, y) = (4, 9). Among the three, only (x, y) = (−1, 1)
generates a 4-chain. It is
. . . , 7849, −29, −3, 1, −1, 1, −3, −29, 8139, . . .
5. The Least Elements of 4-chains
Following the convention of Dofs [1], we define the least element of a 4-chain (ui) as the single
element with the least absolute value. This is well-defined when the least absolute value of an
element is not 1. We note that in a 4-chain (ui), if |ui| = |ui+1|, for some i, then ui = 1 or ui = −1.
In such 4-chains, several elements have absolute value 1. We call such least elements trivial. We
are more interested in 4-chains with non-trivial least elements.
Note that in a 4-chain with a non-trivial least element, if 1 < |ui| < |ui+1|, then from ui · ui+2 =
u3i+1 + u
λa
i+1 + 1 we get
|ui+2| =
|u3i+1 + u
λa
i+1 + 1|
|ui|
≥
|ui+1|
3 − |ui+1|
2 − 1
|ui|
> |ui+1|,
where the last inequality comes from the fact that |ui+1| ≥ |ui|+ 1.
Similarly, if |ui| > |ui+1| > 1, then ui−1 · ui+1 = u
3
i + u
λb
i + 1 gives us |ui−1| > |ui|. Thus such
4-chains have single least elements. We call the least element of a 4-chain u0. So for |u0| 6= 1, the
4-chain
· · · u−3 u−2 u−1 u0 u1 u2 u3 · · ·
has the property
· · · > |u−3| > |u−2| > |u−1| > |u0| and |u0| < |u1| < |u2| < |u3| < · · ·
At the end of his paper [3], Mohanty asks if there are two non-identical 1-chains with the same
least element. Dofs [1] gives an affirmative answer to this question. Before we answer the same
question for 4-chains, let’s first prove the following simple but useful result.
Lemma 11. If u1, t, u2, in that order, are three consecutive terms of 〈u1, t〉Sλa,λb and v is a factor
of u1u2, then there is a 4-chain 〈v, t〉Sλa,λb if and only if t | v
3 + vλb + 1.
6
Proof. If there is a 4-chain 〈v, t〉Sλa,λb , then clearly t | v
3 + vλb + 1. Conversely, note that u1u2 =
t3 + tλa + 1. Since v is a factor of u1u2, we have v | t
3 + tλa + 1. This together with t | v3 + vλb + 1
gives us the 4-chain 〈v, t〉Sλa,λb . 
Note that in Lemma 11, t |u31 + u
λb
1 + 1 . So t | v
3 + vλb + 1 is equivalent to
t | (v3 + vλb + 1) − (u31 + u
λb
1 + 1).
When λb = 1, (v
3 + vλb + 1) − (u31 + u
λb
1 + 1) = (v − u1)(v
2 + vu1 + u
2
1 + 1). When λb = 2,
(v3 + vλb + 1) − (u31 + u
λb
1 + 1) = (v − u1)(v
2 + vu1 + u
2
1 + v + u1). Thus we have the following
corollary. It provides a way to construct two distinct 4-chains that share a common element.
Corollary 12. If u1, t, u2, in that order, are three consecutive terms of 〈u1, t〉Sλa,λb , v is a factor
of u1u2 and t | (u1 − v), then there is a 4-chain 〈v, t〉Sλa,λb .
As an example, the 4-chain 〈−31,−11〉S2,1 has −31, −11, 39 as its three consecutive terms. 13
is a factor of (−31) · 39 and (−11) | (−31 − 13). Thus 〈13,−11〉S2,1 is a second 4-chain with three
consecutive terms 13, −11, −93. That is:
. . . −31 −11 39 . . .
. . . 13 −11 −93 . . .
Note that (−31,−11, 39) and (13,−11,−93) are matching triples and −11 is the least element
of both 4-chains. Thus we have proved the following.
Corollary 13. There are non-identical 4-chains that have the same non-trivial least element.
6. 4-chains with Common Elements
In this section, we prove the main result of this paper.
Theorem 14. If u, t, vw, in that order, are three consecutive terms of the 4-chain 〈u, t〉Sλa,λb =
〈t, vw〉S3−λb,λa , then v, t, uw, in that order, are three consecutive terms of the 4-chain 〈v, t〉Sλa,λb =
〈t, uw〉S3−λb,λa if and only if
t | (u− v)(u2 + uv + v2 + 1), when λb = 1,
t | (u− v)
(
(uw)2 + (uw)(vw) + (vw)2 + 1
)
, when λb = 2.
Proof. We first prove the case for λa = λ and λb = 1. If 〈u, t〉Sλ,1 and 〈v, t〉Sλ,1 are two 4-chains,
then {
t |u3 + u+ 1,
t | v3 + v + 1.
Subtracting, we get
t |u3 − v3 + u− v, or t | (u− v)(u2 + uv + v2 + 1).
Conversely, if t | (u− v)(u2 + uv + v2 + 1), then
t |u3 − v3 + u− v, or t | (u3 + u+ 1)− (v3 + v + 1).
Since 〈u, t〉Sλ,1 is a 4-chain, t |u
3+u+1. So t | v3+v+1. Since it is also true that v |uvw = t3+tλ+1,
we get a 4-chain 〈v, t〉Sλ,1 .
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For the case λa = λ and λb = 2, we can re-write the 4-chains as 〈vw, t〉Sλ,1 = 〈t, u〉S2,λ and
〈uw, t〉Sλ,1 = 〈t, v〉S2,λ , respectively. The rest of the proof mirrors that of the first case and the
observation that gcd(|t|, |w|) = 1. 
We are now ready to construct a third 4-chain when given two 4-chains · · · , u, t, vw, · · · and
· · · , v, t, uw, · · · , where (u, t, vw) and (v, t, uw) are matching triples.
Theorem 15. If u, t, vw, in that order, are three consecutive terms of 〈u, t〉Sλ,1 = 〈t, vw〉S2,λ , and
v, t, uw, in that order, are three consecutive terms of a second 4-chain 〈v, t〉Sλ,1 = 〈t, uw〉S2,λ , |t| is
a prime, t ∤ (u− v), then there is third 4-chain, namely,
〈−w, t〉Sλ,1 = 〈t,−uv〉S2,λ .
Proof. We may assume that t ∤
(
u − (−w)
)
and t ∤
(
v − (−w)
)
because otherwise the theorem is
true by Corollary 12. Let p = |t|. From 〈u, t〉Sλ,1 = 〈t, vw〉S2,λ , we get
u3 + u+ 1 ≡ 0 (mod p), (1)
(vw)3 + (vw)2 + 1 ≡ 0 (mod p). (2)
From 〈v, t〉Sλ,1 = 〈t, uw〉S2,λ , we get
v3 + v + 1 ≡ 0 (mod p), (3)
(uw)3 + (uw)2 + 1 ≡ 0 (mod p). (4)
Equation (1) minus Equation (3) gives us
u3 − v3 + u− v ≡ 0 (mod p). (5)
Equation (4) minus Equation (2) gives us (uw)3 − (vw)3 + (uw)2 − (vw)2 ≡ 0 (mod p), or
w(u3 − v3) + u2 − v2 ≡ 0 (mod p). (6)
Equation (6) minus (Equation (5) multiplied by w) gives us
u2 − v2 − w(u− v) ≡ 0 (mod p), or
(u− v)(u+ v − w) ≡ 0 (mod p).
Since t ∤ u− v, we have w = u+ v (mod p).
By the first part of Theorem 14, our theorem is true if
t |
(
u− (−w)
)(
u2 + u(−w) + (−w)2 + 1
)
.
Since |t| = p is a prime number and t ∤
(
u− (−w)
)
, we only need to show that
p |u2 + u(−w) + (−w)2 + 1 (7)
Since w = u+ v (mod p), we have
u2 + u(−w) + (−w)2 + 1 ≡ u2 + u
(
− (u+ v)
)
+ (u+ v)2 + 1 (mod p)
≡ u2 − u2 − uv + u2 + 2uv + v2 + 1 (mod p)
≡ u2 + uv + v2 + 1 (mod p).
Note that t ∤ (u− v). By Theorem 14, u2 + uv + v2 + 1 ≡ 0 (mod p). Thus (7) is true and we are
done. 
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Theorem 16. If uw, t, v, in that order, are three consecutive terms of 〈uw, t〉Sλ,1 = 〈t, v〉S2,λ , and
vw, t, u, in that order, are three consecutive terms of a second 4-chain 〈vw, t〉Sλ,1 = 〈t, u〉S2,λ , |t|
is a prime, t ∤ (u− v), then there is third 4-chain, namely,
〈−uv, t〉Sλ,1 = 〈t,−w〉S2,λ .
Proof. As in the proof of the previous theorem, we may assume that t ∤
(
uw − (−uv)
)
and t ∤(
vw − (−uv)
)
because otherwise the theorem is true by Corollary 12. Let |t| = p. Similar to the
proof of the previous theorem, from
〈uw, t〉Sλ,1 = 〈t, v〉S2,λ and 〈vw, t〉Sλ,1 = 〈t, u〉S2,λ ,
we get
(uw)3 − (vw)3 + uw − vw ≡ 0 (mod p),
u3 − v3 + u2 − v2 ≡ 0 (mod p).
Note that p is prime, gcd(p, |w|) = 1, and p ∤ (u−v). In the two equations above, we use the second
equation multiplied by w3 minus the first equation to get
w3(u2 − v2)− (uw − vw) ≡ 0 (mod p),
w2(u2 − v2)− (u− v) ≡ 0 (mod p),
w2(u+ v)− 1 ≡ 0 (mod p).
Since uvw = t3 + tλ + 1, uvw ≡ 1 (mod p). So the last equation gives us
w2(u+ v) ≡ 1 (mod p),
uv
(
w2(u+ v)
)
≡ uv (mod p),
uw + vw ≡ uv (mod p).
Since p ∤
(
uw − (−uv)
)
, by the second part of Theorem 14, our theorem is true if
p | (uw)2 + (uw)(−uv) + (−uv)2 + 1. (8)
Since uw + vw ≡ uv (mod p), we have
(uw)2 + (uw)(−uv) + (−uv)2 + 1
≡ (uw)2 + (uw)(−uw − vw) + (uw + vw)2 + 1 (mod p)
≡ (uw)2 + (uw)(vw) + (vw)2 + 1 (mod p).
By Theorem 14, (uw)2+(uw)(vw)+ (vw)2 +1 ≡ 0 (mod p). Thus (8) is true and we are done. 
Combining Theorem 15 and Theorem 16, we get the following theorem.
Theorem 17 (Main result). If u, t, vw, in that order, are three consecutive terms of 〈u, t〉Sλa,λb
= 〈t, vw〉S3−λb,λa , and v, t, uw, in that order, are three consecutive terms of a second 4-chain
〈v, t〉Sλa,λb = 〈t, uw〉S3−λb,λa , |t| is a prime, t ∤ (u− v), then there is third 4-chain, namely,
〈−w, t〉Sλa,λb = 〈t,−uv〉S3−λb,λa .
9
For instance, the three 4-chains below share the common element 31. Moreover, (−17, 31, −33 ·
67), (3, 31, 32 · 17 · 67) and (32 · 67, 31, 3 · 17) are three matching triples.
. . . −17 31 −33 · 67 . . .
. . . 3 31 32 · 17 · 67 . . .
. . . 32 · 67 31 3 · 17 . . .
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